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Floating Point Number System

Floating point number system F ⊂ R:

y = ±βe × .d1d2 . . . dt , 0 ≤ di ≤ β − 1.

Base β,

precision t ,

exponent range emin ≤ e ≤ emax.

Floating point numbers are not equally spaced.

If β = 2, t = 3, emin = −1, and emax = 3:
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Relative Error

If x̂ ≈ x ∈ R
n the relative error is

‖x − x̂‖
‖x‖ .

The absolute error ‖x − x̂‖ is scale dependent.

Common error not to normalize errors and residuals.
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Rounding

For x ∈ R, fl(x) is an element of F nearest to x , and the

transformation x → fl(x) is called rounding.

Theorem

If x ∈ R lies in the range of F then

fl(x) = x(1 + δ), |δ| ≤ u :=
1

2
β1−t .

u is the unit roundoff, or machine precision.
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IEEE Floating Point Arithmetic

IEEE Standard 754 (1985); β = 2.

Arithmetic ops (+,−, ∗, /,√) performed as if first

calculated to infinite precision, then rounded.

Default: round to nearest, round to even in case of tie.

Type Size Range u = 2−t

single 32 bits 10±38 2−24 ≈ 6.0 × 10−8

double 64 bits 10±308 2−53 ≈ 1.1 × 10−16
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Model of Arithmetic

fl(x op y) = (x op y)(1 + δ), |δ| ≤ u, op = +,−, ∗, /.
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Precision versus Accuracy

fl(abc) = ab(1 + δ1) · c(1 + δ2) |δi | ≤ u,

= abc(1 + δ1)(1 + δ2)

≈ abc(1 + δ1 + δ2).

Precision = u.

Accuracy ≈ 2u.
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Precision versus Accuracy

fl(abc) = ab(1 + δ1) · c(1 + δ2) |δi | ≤ u,

= abc(1 + δ1)(1 + δ2)

≈ abc(1 + δ1 + δ2).

Precision = u.

Accuracy ≈ 2u.

Accuracy is not limited by precision
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Exceptional Results

IEEE arithmetic is closed: every operation produces a

result. Default results:

Exception type Default result

Invalid operation NaN (Not a Number)

Overflow ±∞
Divide by zero ±∞
Underflow Subnormal numbers

Inexact Correctly rounded result

NaN is generated by operations such as 0/0, 0 ×∞, ∞/∞,

(+∞) + (−∞) and
√
−1.

Infinity symbol satisfies ∞ + ∞ = ∞, (−1) ×∞ = −∞ and

(finite)/∞ = 0.
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Advantages of IEEE—1

Problem: find biggest element of an array a(1 : n).

1 max = −inf

2 for j = 1: n

3 if aj > max

4 max = aj

5 end

6 end

Unknown or missing elements of the array a could be

assigned NaNs: a(j) = NaN.

A NaN compares as unordered with everything.
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Advantages of IEEE—2

Rational function

r(x) =
(((7x − 101)x + 540)x − 1204)x + 958

(((x − 14)x + 72)x − 151)x + 112
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Cont. Frac. versus Rational

r(x) = 7 − 3

x − 2 −
1

x − 7 +
10

x − 2 −
2

x − 3

Division by zero at x =
1, 2, 3, 4, but r evaluates

correctly in IEEE arith-

metic!
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Rational form

Continued fraction
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GPU Floating Point

E.g., Nvidia GeForce 8800 (G80), SSE, IBM Altivec,

Cell SPE.

May not support

double precision (only single),

all rounding modes,

NaN,

subnormal numbers (gradual underflow).

Transcendental functions may not provide full accuracy.

Square root, division may be software only.
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Fixed Point Arithmetic

Little in the numerical analysis literature since

Wilkinson’s 1963 book .

No standards.

Most of the same issues (see below) apply.
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Cancellation Example

f (x) = (1 − cos x)/x2 ⇒ 0 ≤ f (x) < 1/2 for all x 6= 0.

With x = 1.2 × 10−5, cos x rounded to 10 sig figs is

c = 0.9999 9999 99,

so

1 − c = 0.0000 0000 01.

Then (1 − c)/x2 = 10−10/1.44 × 10−10 = 0.6944 . . .!
Yet the subtraction 1 − c is exact.

Easy to rewrite f (x) to avoid cancellation:

f (x) =
1

2

(
sin(x/2)

x/2

)2

.
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Cancellation

Cancellation brings earlier errors into prominence but is

not always a bad thing.

Numbers being subtracted may be error free.

Cancellation may be a symptom of intrinsic ill

conditioning of problem.
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Midpoint of Arc

Guo, H & Tisseur (2008):

b

−b a

−a

c

Problem: Find midpoint c

of an arc (a, b).

z = x+iy with x2+y2 = 1.

Obvious formula c = (a +
b)/|a + b| is unstable

when a ≈ −b.

Solution: If a = eiθ1, b =
eiθ2 then c = ei(θ1+θ2)/2.
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Subtraction

Theorem (Sterbenz)

Let x and y be floating point numbers with y/2 ≤ x ≤ 2y.

Then x − y is computed exactly (assuming x − y does not

underflow).
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Area of a Triangle

Heron’s formula for area A of triangle with sides of length a,

b, and c:

A =
√

s(s − a)(s − b)(s − c), s = (a + b + c)/2.

Inaccurate for needle-shaped triangles, e.g., a ≈ b + c.

Kahan (1983): let a ≥ b ≥ c, then evaluate 4A as

√(
a + (b + c)

)(
c − (a − b)

)(
c + (a − b)

)(
a + (b − c)

)
.

Gives an accurate answer for all data.
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Examples

In IEEE double:

a 10 1 1

b 11 1 sin(eps)
c 12 1e-13 cos(eps)

Exact 5.152123e+1 5.000000e-14 1.110223e-16

Heron 5.152123e+1 4.996004e-14 0.000000e+0

Kahan 5.152123e+1 5.000000e-14 1.110223e-16
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Aberrant Arithmetics

—those that do not conform to the IEEE standard.

Lack of guard digit is dangerous.

E.g., Kahan’s triangle formula no longer works.

Rounding may be biased.

Cray Y-MP subtraction produced biased results:

fl(x − y) too big if x > y > 0. Caused large errors for

Carter (1991, NASA Ames Lab.) using Cholesky

factorization on Cray Y-MP to solve linear system of

order 16146.
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Fused Multiply-Add Instruction

Intel IA-64 architecture has a fused multiply-add

instruction with just one rounding error:

fl(x + y ∗ z) = (x + y ∗ z)(1 + δ), |δ| ≤ u.

With an FMA:

Inner product xT y can be computed with half the

rounding errors.

The algorithm

1 w = b ∗ c

2 e = w − b ∗ c

3 x = (a ∗ d − w) + e

computes x = det(
[

a
c

b
d

]
) with high relative accuracy

(Kahan).
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Fused Multiply-Add Instruction (cont.)

But

What does a*d + c*b mean?

The product

(x + iy)∗(x + iy) = x2 + y2 + i(xy − yx)

may evaluate to non-real with an FMA.

b2 − 4ac can evaluate negative even when b2 ≥ 4ac.
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Three Misconceptions of Floating Point Arithmetic



1. An Innocuous Calculation?

For any x ≥ 0 consider

1 for i = 1: 60

2 x =
√

x

3 end

4 for i = 1: 60

5 x = x2

6 end

For any x the 12-digit HP 48G calculator computes, in place

of f (x) = x ,

f̂ (x) =

{
0, 0 ≤ x < 1,

1, x ≥ 1.
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Explanation

The positive numbers x representable on the HP 48G

satisfy 10−499 ≤ x ≤ 10500.

Defining r(x) = x1/260
, for any machine number x ≥ 1,

1 ≤ r(x) < r(10500) = 10500/260

= e500·2−60·log 10 < e10−15

= 1 + 10−15 + 1
2
· 10−30 + · · · ,

which rounds to 1. Similar argument for 0 < x < 1.
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Myth 1

A short computation free from cancellation, underflow and

overflow must be accurate.



2. Increasing the Precision

y = eπ
√

163 evaluated at t digit precision:

t y

20 262537412640768744.00

25 262537412640768744.0000000

30 262537412640768743.999999999999

Is the last digit before the decimal point 4?

t y

35 262537412640768743.99999999999925007

40 262537412640768743.9999999999992500725972

So no, it’s 3!
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Another Example

Consider the evaluation in precision u = 2−t of

y = x + a sin(bx), x = 1/7, a = 10−8, b = 224.

10 15 20 25 30 35 40
10

−14

10
−13

10
−12

10
−11

10
−10

10
−9

10
−8

10
−7

10
−6

10
−5

10
−4

t

error
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Myth 2

Increasing the precision at which a computation is

performed increases the accuracy of the answer.



3. Cancellation of Rounding Errors

f (x) =
ex − 1

x
=

∞∑

i=0

x i

(i + 1)!
.

% Algorithm 1.

1 if x = 0

2 f = 1

3 else

4 f = (ex − 1)/x

5 end

% Algorithm 2.

1 y = ex

2 if y = 1

3 f = 1

4 else

5 f = (y − 1)/ log y

6 end
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Some Results: f (x) = (ex − 1)/x

x Algorithm 1 Algorithm 2

10−5 1.000005000006965 1.000005000016667

10−6 1.000000499962184 1.000000500000167

10−7 1.000000049433680 1.000000050000002

10−8 0.999999993922529 1.000000005000000

10−9 1.000000082740371 1.000000000500000

10−10 1.000000082740371 1.000000000050000

10−11 1.000000082740371 1.000000000005000

10−12 1.000088900582341 1.000000000000500

10−13 0.999200722162641 1.000000000000050

10−14 0.999200722162641 1.000000000000005

10−15 1.110223024625156 1.000000000000000

10−16 0 1
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A Closer Look

Consider x = 9 × 10−8 and u ≈ 6 × 10−8, for which

f (x) = 1.00000005 to the sig digits shown.

Algorithm 1 gives

fl

(
ex − 1

x

)
≡ fl

(
1.19209290 × 10−7

9.00000000 × 10−8

)
= 1.32454766.

Algorithm 2:

fl

(
ex − 1

log ex

)
≡ fl

(
1.19209290 × 10−7

1.19209282 × 10−7

)
= 1.00000006.

Algorithm 2 in exact arithmetic would give

ex − 1

log ex
≡ 9.00000041 × 10−8

9.00000001 × 10−8
= 1.00000005.
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Divided Difference Connection

f (x) =
ex − 1

x
=

ex − e0

x − 0
.

More generally:

eλ2 − eλ1

λ2 − λ1

= e(λ1+λ2)/2 e(λ2−λ1)/2 − e(λ1−λ2)/2

λ2 − λ1

= e(λ1+λ2)/2
sinh

(
(λ2 − λ1)/2

)

(λ2 − λ1)/2
.
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Givens QR Factorization

GpGp−1 . . . G1A = R.

A ∈ R
10×6, single precision (u ≈ 6 × 10−8).

‖A‖2 = 1, κ2(A) ≈ 24. Look at ‖Ak − Âk‖2/‖A‖2:
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Myth 3

The final computed answer from an algorithm cannot be

more accurate than any of the intermediate quantities, that

is, errors cannot cancel.



Vector 2-Norm

Classic example: ‖x‖2 =
(∑

i |xi |2
)1/2

.

For about half of all machine numbers x , x2 either

underflows or overflows!

Overflow is avoided by the following algorithm:

1 t = ‖x‖∞
2 s = 0

3 for i = 1: n

4 s = s + (x(i)/t)2

5 end

6 ‖x‖2 = t
√

s

Requires two passes over the data, so is slow.
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One-Pass 2-Norm Algorithm

Level-1 BLAS xNRM2 distrib. with LAPACK is one-pass alg

of Hammarling avoiding overflow:
1 t = 0

2 s = 1

3 for i = 1: n

4 if xi ~= 0

5 if |xi | > t

6 s = 1 + s (t/xi)
2

7 t = |xi |
8 else

9 s = s + (xi/t)2

10 end

11 end

12 end

13 ‖x‖2 = t
√

s
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Complex Division

a + ib

c + id
=

ac + bd

c2 + d2
+ i

bc − ad

c2 + d2
,

overflows when c or d exceeds
√
realmax.

Cray and NEC machines both implemented complex

division in this way.

Smith ’67 suggests how to avoid overflow: if |c| ≥ |d | use

a + ib

c + id
=

a + b(dc−1)

c + d(dc−1)
+ i

b − a(dc−1)

c + d(dc−1)
.

If |d | ≥ |c| use similar formula involving d−1.

◮ Stewart ’85 shows how to reduce error due to

underflow.

◮ Priest ’04 how to efficiently avoid underflow and

overflow.
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Ariane 5 Rocket Failure

Paris, 19 July 1996

ARIANE 5

Flight 501 Failure

Report by the Inquiry Board

. . .

The internal SRI software ex-

ception was caused during ex-

ecution of a data conversion

from 64-bit floating point to 16-

bit signed integer value. The

floating point number which

was converted had a value

greater than what could be

represented by a 16-bit signed

integer. This resulted in an

Operand Error.
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Extended and Mixed Precision BLAS

Part of new 2002 standard developed by BLAS

Technical Forum.

Use extended precision internally: a precision at least

1.5 times as accurate as double precision and wider

than 80 bits.

Input and output arguments remain single or double.

Provide extended/mixed precision counterparts of

selected level 1, 2, and 3 BLAS routines. Extra input

argument specifies precision of internal computations.

Reference implementation employs the double-double

format, giving an extended precision of about 106 bits.
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Time to LATEX

DX2-33 7.5 mins

Pentium 120Mhz 1.3 mins

Pentium 500Mhz 20 secs

Pentium 1Ghz 10 secs

Pentium 2.8Ghz 5 secs

Athlon X2 4400 4 secs

Pentium E6850 4 secs



Developing an HPC/NA Roadmap

Anne Trefethen, OeRC, University of Oxford

Peter Coveney, University College London

Nick Higham, University of Manchester

Iain Duff, STFC, Rutherford-Appleton Laboratory

Reports from first two workshops available at

http://www.oerc.ox.ac.uk/research/hpc-na

Workshop 3: January 26–27, 2009, Royal Society, London.
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